Suppose that X is a Banach space and C is an injective operator in B X , the space of all bounded linear operators on X. In this note, a two-parameter C-semigroup regularized semigroup of operators is introduced, and some of its properties are discussed. As an application we show that the existence and uniqueness of solution of the 2-abstract Cauchy problem ∂/ ∂t i u t 1 , t 2 H i u t 1 , t 2 , i 1, 2, t i > 0, u 0, 0
Introduction and Preliminaries
Suppose that X is a Banach space and A is a linear operator in X with domain D A and range R A . For a given x ∈ D A , the abstract Cauchy problem for A with the initial value x consists of finding a solution u t to the initial value problem where by a solution we mean a function u : R → X, which is continuous for t ≥ 0, continuously differentiable for t > 0, u t ∈ D A for t ∈ R , and ACP A; x is satisfied. If C ∈ B X , the space of all bounded linear operators on X, is injective, then a oneparameter C-semigroup regularized semigroup of operators is a family {T t } t∈R ⊂ B X Regularized semigroups and their connection with the ACP A; x have been studied in 1-6 and some other papers. Also the concept of local C-semigroups and their relation with the ACP A; x have been considered in 7-10 .
, T s t C T s T t , and for each x ∈ X, the mapping t → T t x is continuous. An operator
In Section 2, we introduce the concept of two-parameter regularized semigroups of operators and their generator. Some basic properties of two-parameter regularized semigroups and their relation with the generators are studied in this section.
In Section 3, two-parameter abstract Cauchy problems are considered. It is proved that the existence and uniqueness of its solutions is closely related with two-parameter regularized semigroups of operators.
Two-Parameter Regularized Semigroups
In this section we introduce two-parameter regularized semigroup and its generator on Banach spaces. Then some properties of two-parameter regularized semigroups are studied. Proof. To prove i , suppose x ∈ X. First we note that for any ν ≥ 0,
2.4
Thus 
A similar argument implies that it is in D H 2 and
For the second part, from the continuity of C we have
2.8
Now the fact that C is injective completes the proof of this part. The proof of ii has a process similar to the first part of i .
To prove iii , we first note that H 1 and H 2 are closed as a trivial consequence of the one-parameter case see 2 . For any x ∈ X we saw that
To prove iv , we let 
2.12
On the other hand from the part ii and closedness of H 1 , The second one is similar.
To prove v , first we note that T t is a one-parameter C-semigroup.
6 Abstract and Applied Analysis
Now the fact that C is injective implies that
For an exponentially bounded one-parameter C-semigroup T t with the generator A, from 1 the existence of L λ A x ∞ 0 e −λt T t x dt is guaranteed for sufficiently large λ ∈ R. Now we have the following lemma for one-parameter C-semigroups of operators which is similar to the Yosida-approximation theorem for strongly continuous semigroups. This will be applied in our study of two-parameter regularized semigroups. 
Also if R C is dense in X, then the first equality holds on X.
iii For any
Proof. The first inequality of i is trivial. From 2, Lemma 2.8 , we know that for any
2.18
This implies our desired equality. For the second part, first we show that CA λ A λ C. For this we note that
2.19
This and the first part imply that CA λ A λ C. Now we prove the C-semigroup properties of S t . Trivially S 0 C. Also from the last equality, The fact that A λ , λ > ω, is a bounded operator trivially implies that S · is exponentially bounded. Now the continuity of the mapping t → S t x at zero implies the strongly continuity of S t .
S s t C Ce
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To prove ii , for x ∈ D A , from i and the fact that A is closed, we have
2.21
The continuity of C and L λ A implies that for any
For the last part of ii , if C has a dense range, then by 8, Lemma 1. 
2.23
This and the previous part prove the existence of lim λ → ∞ Ce tA λ x.
Using this theorem we may find the following approximation theorem for twoparameter regularized semigroups. 
Corollary 2.5. Suppose that H, K is the infinitesimal generator of an exponentially bounded twoparameter C-semigroup W s, t , then for each x ∈ D H ∩ D K ,
W s, t x C lim
ii 
Proof. The proof of i follows trivially from the properties of two-parameter C-semigroups.
To prove ii , we let x ∈ D H ∩ D HK ; from the strongly continuity of W s, t and the fact that K is closed, we have
2.27
However, C is injective, and this completes the proof of i . To prove iii , from our hypothesis, for sufficiently large λ, λ , we know that 
Now the continuity of u s and v t and the fact that D H ∩ D K R C X imply that for each x ∈ X, u s v t x v t u s x. Thus
W s, t W s , t u s v t u s v t u s u s v t v t Cu s s Cv t t W s s , t t C 2 .
2.31
On the other hand W 0, 0 C 2 , which completes the proof.
If H and K are two closed operators on X, then
Hx Kx , x ∈ X 1 , is a Banach space. 
Proposition 2.7. Suppose that C ∈ B X is injective and {W s, t } is a two-parameter C-semigroup
D H 1 {x ∈ X 1 : Hx ∈ X 1 } x ∈ D H ∩ D K : x ∈ D H 2 ∩ D KH D K ∩ D H 2 ∩ D KH .
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2.33
These show that 
Two-Parameter Abstract Cauchy Problems
Suppose that H i : D H i ⊆ X → X, i 1, 2, is linear operator. Consider the following twoparameter Cauchy problem:
3.1
We mean by a solution a continuous Banach-valued function u ·, · : 0, ∞ × 0, ∞ → X which has continuous partial derivative and satisfies 2-ACP H 1 , H 2 ; x . In this section first we prove that if H 1 , H 2 is the infinitesimal generator of a twoparameter C-semigroup of operators, then 2-ACP H 1 , H 2 ; x has a unique solution for any
Next it is proved that under some condition on C, existence and uniqueness of solutions of 2-ACP H 1 , H 2 ; Cx , for every x ∈ D H 1 ∩ D H 2 , imply that this unique solution is induced by a two-parameter regularized semigroup. The uniqueness of solution 2-ACP H, K; Cx , for all x ∈ D H ∩ D K , also leads us to a two-parameter C-semigroup. This will be shown in the following theorem.
In this theorem X 1 and C 1 have their meaning in Proposition 2.7. We are going to show that W 1 s, t is a bounded operator on X 1 , · 1 . Let 0 < s, t < ∞. Define the mapping φ s,t : X 1 → C 0, s × 0, t , X 1 by φ s,t x W 1 ·, · x u ·, ·; Cx . Obviously φ s,t is linear. We claim that this mapping is closed. Suppose that x n ∈ X 1 , x n → x and u ·, ·; Cx n φ s,t x n → y in C 0, s × 0, t , X 1 with its usual supremum norm. From the Cauchy problem we know that 
Theorem 3.2. Suppose that C ∈ B X is injective and H, K are two closed operators satisfying
3.11
Letting n → ∞, we obtain 
3.18
The fact that C is injective implies that y φ s,t x , which shows that φ s,t is closed operator. By the Closed Graph Theorem φ s,t is a continuous operator from Banach space X 1 into the Banach space C 0, s × 0, t , X 1 . So if x n → x in X 1 , then φ s,t x n → φ s,t x in C 0, s × 0, t , X 1 ; thus for each μ, ν ∈ 0, s × 0, This implies that for each n ∈ N, u n s, t e n 2 t−1 tn q n is a solution of 3.22 .
